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With the use of the “two-fluid model”, we discuss anomalous diffusion induced by active force
dipoles in viscoelastic media. Active force dipoles, such as proteins and bacteria, generate non-
thermal fluctuating flows that lead to a substantial increment of the diffusion. Using the partial
Green’s function of the two-fluid model, we first obtain passive (thermal) two-point correlation func-
tions such as the displacement cross-correlation function between the two point particles separated
by a finite distance. We then calculate active (non-thermal) one-point and two-point correlation
functions due to active force dipoles. The time correlation of a force dipole is assumed to decay ex-
ponentially with a characteristic time scale. We show that the active component of the displacement
cross-correlation function exhibits various crossovers from super-diffusive to sub-diffusive behaviors
depending on the characteristic time scales and the particle separation. Our theoretical results are
intimately related to the microrheology technique to detect fluctuations in non-equilibrium environ-
ment.
I. INTRODUCTION
The cytoplasm of living cells is full of proteins and or-
ganelles that play important active roles with the aid of
chemical fuels such as adenosine triphosphate (ATP) [1].
In such a non-equilibrium environment, the transport
properties of chemical species drastically deviate from
those in static equilibrium conditions. For example, there
are several experimental works reporting the anomalous
diffusion of a tagged particle in biological cells due to pro-
tein activities [2–6]. In other systems, a large enhance-
ment of diffusion was also observed for a passive particle
immersed in a bacterial bath [7, 8] or in a suspension of
algae Chlamydomonas [9], and such a phenomenon has
been also studied theoretically [10, 11].
The modified diffusion in cells was attributed to non-
equilibrium forces generated by molecular motors walk-
ing on cytoskeletal networks [12, 13]. Recently, Mikhailov
and Kapral proposed a different mechanism caused by
non-equilibrium conformational changes of proteins or
enzymes [14, 15]. They showed that, in addition to ther-
mal fluctuations, active proteins in living cells generate
non-thermal fluctuating flows that lead to a substantial
increment of the diffusion constant. A chemotaxis-like
drift of a passive particle was also predicted when a spa-
tial gradient of active proteins is present [14, 15]. In these
previous works, however, the three-dimensional (3D) cy-
toplasm and two-dimensional (2D) biomembrane were
treated as purely viscous fluids characterized by constant
shear viscosities [16].
In general, biological cells behave as viscoelastic ma-
terials [17, 18]. Hoffman et al. experimentally deter-
mined the frequency-dependent shear modulus of cul-
tured mammalian cells by using various methods to mea-
sure their viscoelastic properties [19, 20]. Interestingly,
they found two universal (weak) power-law dependencies
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of the shear modulus at low frequencies corresponding
to the cortical and intracellular networks. At high fre-
quencies, on the other hand, they observed an exponent
of 3/4 which was attributed to the mechanical response
of actin fibers. Such an universal behavior of mechan-
ical responses in living cells was also reported in other
work [21].
Among various methods, microrheology is one of the
most useful techniques to measure the rheological prop-
erties of living cells [22–26]. In this method, the local
and bulk mechanical properties of a single cell can be
extracted from a Brownian motion of probe particles, in-
cluding both thermal and non-thermal contributions [27].
Concerning its theoretical background, the generalized
Stokes-Einstein relation (GSER), equivalent to the fluc-
tuation dissipation theorem (FDT), has been used to an-
alyze thermal diffusive motions. In non-thermal situa-
tions, the GSER has been further extended to relate par-
ticle mean squared displacement (MSD) and non-thermal
force fluctuations [28, 29]. It should be noted, however,
that the GSER contains various assumptions which can
be violated in several situations [27]. Therefore it is nec-
essary to discuss both thermal and non-thermal Brown-
ian motions in a viscoelastic medium which is described
by a well-founded theoretical model.
In this paper, we discuss diffusive motion of passive
particles embedded in viscoelastic media that is described
by the “two-fluid model” for gels [30–32]. We especially
focus on the effects of non-thermal fluctuations induced
by active force dipoles which undergo cyclic motions. We
calculate displacement cross-correlation functions (CCF)
of two point particles for the passive situation induced
by thermal fluctuations and the active situation driven
by force dipole fluctuations. Our calculation is closely re-
lated to the “two-point microrheology”method which has
several technical advantages compared to the “one-point
microrheology” [33]. As for the stochastic property of a
force dipole, we consider the case when there is no corre-
lation between different times, and also the case when it
2decays exponentially with a characteristic time scale. If
the dipole time scale is much larger than the viscoelas-
tic time scale, we show that the active contribution of
the displacement CCF exhibits all the possible crossover
behaviors between super-diffusive and sub-diffusive mo-
tions. Our predictions can be applied not only for cells
but also for bacterial suspensions and systems containing
active colloids.
Since our theory is based on the standard two-fluid
model, it has some similarities to the works by Levine
and Lubensky [34, 35] or MacKintosh and Levine [12, 13].
In the former studies [34, 35], they investigated the dy-
namics of rigid spheres embedded in viscoelastic media
by using the two-fluid model, but did not consider the
effects of non-thermal fluctuations. In the latter stud-
ies [12, 13], on the other hand, they developed a model
for F-actin networks driven out of equilibrium by molec-
ular motors. The main difference in our work is that
active force dipoles are embedded in the fluid and exert
forces on the fluid itself. In this regard, we use the par-
tial Green’s function that connects the force acting on the
fluid and the fluid velocity as discussed in Refs. [36, 37].
In these works, they emphasized the role of the inter-
mediate length scale in the analysis of microrheology
data. In our separate work, starting from the two-fluid
model, we have derived effective equations of motions for
tracer particles displaying local deformations and local
fluid flows [38].
In the next section, we describe the two-fluid model
and show its partial Green’s function both in the Fourier
space and the real space. In Sec. III, we discuss the pas-
sive two-point correlation functions. Using the coupling
mobilities and the FDT in thermal equilibrium, we calcu-
late the power spectral density of the velocity CCFs and
the displacement CCFs. In Sec. IV, we shall investigate
active one-point correlation functions due to active force
dipoles. We calculate the active velocity auto-correlation
function of a passive point particle by assuming different
time correlations of force dipoles. We then discuss in
Sec. V the active two-point correlation functions which
are useful for two-point microrheology. The summary
of our work and some discussions related to the recent
experiments are given in Sec. VI.
II. TWO-FLUID MODEL
A. Model description
To describe viscoelastic media from a general point
of view, we employ the two-fluid model that has been
broadly used to describe the dynamics of polymer
gels [30–32, 39]. As schematically shown in Fig. 1, there
are two dynamical fields in this model; the displacement
field u(r, t) of the elastic network and the velocity field
v(r, t) of the permeating fluid. Here r is the 3D posi-
tion vector and t is the time. The coupled dynamical
d
ℓ
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FIG. 1. Schematic representation of the two-fluid model.
The system consists of an elastic network characterized by
the Lame´ coefficient µ, and a viscous fluid characterized by
the shear viscosity η. The elastic and fluid components are
coupled through the mutual friction. The length scale ℓ char-
acterizes the typical internal structure of the elastic network.
Orange objects represent stochastic force dipoles which are
immersed in the fluid component. Two passive point par-
ticles separated by a distance d are embedded in the fluid
component. These passive particles undergo correlated ran-
dom Brownian motion due to thermal fluctuations and active
stochastic fluctuations induced by active force dipoles.
equations for these two field variables are given by
ρu
∂2u
∂t2
= µ∇2u+ (µ+ λ)∇(∇ · u)
− Γ
(
∂u
∂t
− v
)
+ fu, (1)
ρv
∂v
∂t
= η∇2v −∇p− Γ
(
v − ∂u
∂t
)
+ fv. (2)
In the above, ρu and ρv are the mass densities of the two
components, µ and λ are the Lame´ coefficients of the
elastic network, respectively, η is the shear viscosity of
the fluid, p(r, t) is the pressure field, while fu and fv are
external force densities. The elastic and the fluid com-
ponents are coupled through the mutual friction charac-
terized by the friction coefficient Γ. We note that µ, λ,
η and Γ are constants and do not depend on frequency.
When the volume fraction of the network is denoted by
φ, the above equations are further supplemented by the
condition of the total volume conservation
∇ ·
[
φ
∂u
∂t
+ (1− φ)v
]
= 0. (3)
In the following, we employ several simplifications of
the model. (i) We neglect inertial effects, which is jus-
tified at sufficiently low frequencies. Hence the l.h.s. of
Eqs. (1) and (2) are both neglected. (ii) We assume that
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FIG. 2. Scaling functions (a) G1 and (b) G2 [see Eq. (10) and
(11), respectively] appearing in the partial Green’s function of
the two-fluid model. The scaling variable is z = r/ξ, where r
is the distance and ξ is the frequency-dependent characteristic
length scale [see Eq. (8)]. The asymptotic behaviors of these
scaling functions, as analytically given by Eqs. (12) and (13),
respectively, are plotted with dotted lines.
the volume fraction of the network is vanishingly small,
i.e., φ≪ 1. In this limit, Eq. (3) can be approximated as
∇ · v ≈ 0. (4)
This equation can be regarded as the incompressibility
condition of the fluid component.
B. Partial Green’s function
The above linearized equations can be solved by per-
forming the Fourier transform in space and the Laplace
transform in time for any function f(r, t) as defined by
f [q, s] =
∫ ∞
−∞
d3r
∫ ∞
0
dt f(r, t)e−iq·r−st. (5)
Here q is the 3D wavevector and s the frequency in the
Laplace domain. The general Green’s function (repre-
sented by a 6 × 6 matrix) connecting u and v to fu and
fv was calculated by Levine and Lubensky [34, 35].
In this paper, we particularly focus on the response of
the fluid velocity v due to the point force fv, and use the
partial Green’s function defined by
vα[q, s] = Gαβ [q, s]fv,β [q, s]. (6)
Hereafter, the Einstein summation convention over re-
peated indices is employed. According to Refs. [34–37],
the Green’s function is given by
Gαβ [q, s] =
1 + (ηb/η)ξ
2q2
ηbq2(1 + ξ2q2)
(δαβ − qˆαqˆβ) , (7)
with q = |q| and qˆ = q/q (see Appendix A for a detailed
derivation). In the above, the frequency-dependent bulk
viscosity and characteristic length scale are defined by
ηb = η +
µ
s
, ξ =
(
µη
sΓηb
)1/2
, (8)
respectively. Notice that the above 3×3 matrix is nothing
but the part of the general 6 × 6 matrix [35]. In order
to study the effects of molecular motors that generate
forces in the cytoskeleton, one needs to take into account
fu as discussed in Refs. [12, 13] and recently by us [38].
We note here that the partial Green’s function in Eq. (7)
does not depend on the compressional Lame´ coefficient
λ, while it appears in the general 6× 6 matrix.
The Green’s function in Eq. (7) can be inverted back
from the Fourier space to the real space (but remaining
in the Laplace domain). Following the calculation in the
Appendix A, we obtain
Gαβ [r, s] =
1
8πηr
[(
1 +
1− ηb/η
ηb/η
G1(r/ξ)
)
δαβ
+
(
1 +
1− ηb/η
ηb/η
G2(r/ξ)
)
rˆαrˆβ
]
. (9)
where r = |r| and rˆ = r/r. Here we have defined the two
scaling functions by
G1(z) = 1 + 2
z2
− 2e−z
(
1 +
1
z
+
1
z2
)
, (10)
G2(z) = 1− 6
z2
+ 2e−z
(
1 +
3
z
+
3
z2
)
. (11)
In Fig. 2, we plot both G1(z) and G2(z) as a function of
z = r/ξ. When G1(z) = G2(z) = 0, the Green’s func-
tion Gαβ is purely determined by η, whereas it is fully
described by ηb when G1(z) = G2(z) = 1.
4C. Asymptotic expressions
Next we discuss the asymptotic behaviors of the partial
Green’s function and the scaling functions. We first note
that the asymptotic expressions of the scaling functions
are given by
G1(z) ≈
{
4z/3− 3z2/4, z ≪ 1,
1 + 2/z2, z ≫ 1, (12)
G2(z) ≈
{
z2/4, z ≪ 1,
1− 6/z2, z ≫ 1. (13)
These asymptotic behaviors are also plotted in Fig. 2
by the dotted lines which provide a good approximation
especially for z ≫ 1.
For our later purpose, we focus here on the large scale
behavior of the Green’s function. For r ≫ ξ, we obtain
Gαβ [r, s] ≈ 1
8πηr
sτ
1 + sτ
(δαβ + rˆαrˆβ)
− ℓ
2
4πηr3
1
(1 + sτ)2
(δαβ − 3rˆαrˆβ), (14)
where we have introduced the characteristic length and
time scales as
ℓ = (η/Γ)1/2, τ = η/µ. (15)
As argued in Ref. [36], the first and the second terms of
Eq. (14) are proportional to 1/r and ℓ2/r3, respectively.
The competition between these two terms is character-
ized by the crossover length ℓ.
D. Coupling mobilities
In the following sections, we shall consider correlated
motions of two point particles embedded in the fluid com-
ponent. For this purpose, we shall introduce the coupling
mobility between the two pointsMαβ [r, s] that is directly
related to the partial Green’s function in Eq. (9). Since
Gαβ is generally expressed as Gαβ = C1δαβ+C2rˆαrˆβ , the
“longitudinal” and the “transverse” coupling mobilities
are given by Mxx = C1+C2 and Myy = C1, respectively.
Hence they are
Mxx[r, s] =
1
4πηr
[
1− G1(z) + G2(z)
2(1 + sτ)
]
, (16)
Myy[r, s] =
1
8πηr
[
1− G1(z)
1 + sτ
]
, (17)
where z = r/ξ = (r/ℓ)
√
1 + sτ . We shall use these cou-
pling mobilities in order to calculate various correlation
functions in the next sections. Since Mxy = 0 by symme-
try, it is sufficient to consider only the above two coupling
mobilities [36].
III. PASSIVE TWO-POINT CORRELATION
FUNCTIONS
Here we discuss the correlated dynamics of two distinc-
tive passive particles immersed in a viscoelastic gel that
is in thermal equilibrium. This situation is relevant to
the “two-point microrheology” experiments as discussed
before [33]. Compared to the “single-particle microrhe-
ology” (with the use of a finite size particle), there are
several advantages to perform multi-particle microrheol-
ogy [27].
A. Fluctuation dissipation theorem
Consider a pair of point particles undergoing Brown-
ian motion separated by a distance d as shown in Fig. 1
(but without force dipoles). We denote the positions
of these two point particles by R1(t) = R1 + ∆R1(t)
and R2(t) = R2 + ∆R2(t), where d = |R2 − R1|.
Then the velocities of these point particles are given by
V1(R1, t) = ∆R˙1(t) and V2(R2, t) = ∆R˙2(t). The
quantities of interest are the velocity cross-correlation
function (CCF) 〈V1αV2α′ (t)〉d, and the displacement CCF
〈∆R1α∆R2α′(t)〉d. Without loss of generality, we define
the x-axis to be along the line connecting the two parti-
cles, i.e., R2 −R1 = deˆx.
According to the fluctuation dissipation theorem
(FDT), the velocity CCFs in thermal equilibrium are
related to the coupling mobility in the Laplace domain
by [27, 36]
〈V1αV2α′ [s]〉d = kBTMαα′ [r = d, s], (18)
where kB is the Boltzmann constant, T the temperature.
The power spectral density (PSD) of the passive velocity
CCF can be obtained by using the relation
〈V1αV2α′(ω)〉d = 2ℜ〈V1αV2α′ [s = iω]〉d, (19)
where ω is the frequency in the Fourier domain, and ℜ
indicates the real part.
In Fig. 3, we plot the scaled PSDs 〈V1xV2x(ω)〉d and
〈V1yV2y(ω)〉d as a function of ωτ using the longitudi-
nal and the transverse coupling mobilities obtained in
Eqs. (16) and (17), respectively. Different colors repre-
sent different distances, d, between the two points. In
Fig. 3(a), 〈V1xV2x(ω)〉d increases for ωτ >
√
2(ℓ/d) as
∼ ω2 [see later Eqs. (21) and (22)], while it saturates
for ωτ > 1. Since 〈V1yV2y(ω)〉d takes negative values for
smaller ωτ when d/ℓ = 10 and 100, we have plotted its
absolute value in Fig. 3(b). Notice that in both (a) and
(b), the PSDs are scaled by kBT/(2πηd), and take the
same asymptotic value in the large ωτ limit.
The passive displacement CCF in thermal equilib-
rium as a function of time can be directly obtained by
the following inverse Laplace transform of the velocity
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FIG. 3. The passive component of the power spectral density
(PSD) of the two-point velocity cross-correlation functions
(CCFs) (a) 〈V1xV2x(ω)〉d and (b) |〈V1yV2y(ω)〉d| [see Eq. (19)]
as a function of ωτ for d/ℓ = 1, 10, 100. Here τ = η/µ is the
viscoelastic time scale, and d is the distance between the two
point particles immersed in viscoelastic media described by
the two-fluid model. Both CCFs are scaled by kBT/(2πηd) in
order to make them dimensionless. Since 〈V1yV2y(ω)〉d takes
negative values for smaller ωτ (shown by the dashed lines),
we have plotted in (b) its absolute value. The number “2”
in (a) indicates the slope representing the exponent of the
power-law behaviors.
CCF [26, 27]:
〈∆R1α∆R2α′(t)〉d = 1
2πi
∫ c+i∞
c−i∞
ds
2
s2
〈V1αV2α′ [s]〉dest,
(20)
where c is a real number. Performing the numerical in-
verse Laplace transform of Eq. (20), we plot in Fig. 4 the
longitudinal and the transverse CCFs 〈∆R1x∆R2x(t)〉d
and 〈∆R1y∆R2y(t)〉d as a function of t/τ for different
distances d between the two points.
In Fig. 4(a), the longitudinal CCF is proportional to t
for t/τ < 1 and t/τ > (d/ℓ)2/2 [see later Eq. (23)]. In the
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FIG. 4. The passive component of the two-point displace-
ment cross-correlation functions (CCFs) (a) 〈∆R1x∆R2x(t)〉d
and (b) |〈∆R1y∆R2y(t)〉d| [see Eq. (20)] as a function of t/τ
for d/ℓ = 1, 10, 100. Here d is the distance between the two
point particles immersed in viscoelastic media. Both CCFs
are scaled by kBTτ/(2πηd) in order to make them dimension-
less. Since 〈∆R1y∆R2y(t)〉d takes negative values for larger
t/τ (shown by the dashed lines), we have plotted in (b) its
absolute value. The numbers indicate the slope representing
the exponent of the power-law behaviors.
former time region which is smaller than the viscoelas-
tic time scale τ = η/µ, the two point particles inter-
act through the fluid component of the two-fluid model.
In the latter long time region, on the other hand, the
CCF obeys the normal diffusive behavior as expected for
any viscoelastic material with a characteristic relaxation
time. Between these crossover time scales, the CCF re-
mains almost constant due to the elastic component that
suppresses the motion of the point particles. This is be-
cause the elastic property of the medium, representing
the polymer network, is pronounced in these time scales.
For d/ℓ = 1, on the other hand, the CCF is almost pro-
portional to t during the entire time region.
6In Fig. 4(b), the absolute value of 〈∆R1y∆R2y(t)〉d
is plotted because it takes negative values for larger t.
This means that the relative transverse motion of the
two point particles is anti-correlated when their separa-
tion d/ℓ is large enough. Nevertheless, the general time-
dependent behavior of the transverse CCF is almost the
same as that of the longitudinal one in (a).
The crossover behaviors of the passive displacement
CCF for large d/ℓ showing the successive scaling as
t → t0 → t can explain some of the apparent power-law
behaviors of soft matter [40] or biological cells [20]. It
should be noted, however, that the passive displacement
CCF in thermal equilibrium exhibits only a sub-diffusive
behavior.
B. Large distance behaviors
In the limit of large distances d ≫ ℓ between the two
points, we can use Eq. (14) for the partial Green’s func-
tion to obtain the PSDs in the Fourier domain as
〈V1xV2x(ω)〉d ≈ kBT
2πηd
(ωτ)2
1 + (ωτ)2
+
kBT ℓ
2
πηd3
[
1
[1 + (ωτ)2]2
− (ωτ)
2
[1 + (ωτ)2]2
]
, (21)
〈V1yV2y(ω)〉d ≈ kBT
4πηd
(ωτ)2
1 + (ωτ)2
− kBT ℓ
2
2πηd3
[
1
[1 + (ωτ)2]2
− (ωτ)
2
[1 + (ωτ)2]2
]
. (22)
For the large distance behavior of the displacement
CCFs, we obtain
〈∆R1x∆R2x(t)〉d ≈ kBTτ
2πηd
(1− e−t/τ )
+
kBTτℓ
2
πηd3
[
t
τ
(1 + e−t/τ )− 2(1− e−t/τ )
]
, (23)
〈∆R1y∆R2y(t)〉d ≈ kBTτ
4πηd
(1 − e−t/τ )
− kBTτℓ
2
2πηd3
[
t
τ
(1 + e−t/τ )− 2(1− e−t/τ )
]
. (24)
In the above expressions, the first term is proportional
to t in the short time regime, whereas it saturates in the
long time limit. Whereas the second term in each ex-
pression is proportional to t in the long time limit, which
dominates the large scale behavior. These properties of
the displacement CCF can be clearly observed in Fig. 4
especially for larger d/ℓ. Although not plotted, Eqs. (23)
and (24) almost completely recover the numerical plots
in Fig. 4.
IV. ACTIVE ONE-POINT CORRELATION
FUNCTIONS
In this section, we shall consider the collective advec-
tion effects due to active force dipoles on passive particles
immersed in viscoelastic media. A simple “dimer model”
for a stochastic hydrodynamic force dipole was previously
discussed in Refs. [14, 15]. To investigate the hydrody-
namic effects of the force dipoles, we employ the partial
Green’s function representing the response of the fluid ve-
locity v due to the force fv acting on the fluid component
[see Eq. (6)]. This is different from Refs. [12, 13] where
they discussed the effects of molecular motors generat-
ing forces in the cytoskeleton which corresponds to the
elastic component of the two-fluid model. Our aim is to
focus on the role of active force dipoles that exist in the
fluid component. A more unified treatment of these two
different sources of active forces has been investigated in
our separate publication [38].
A. Velocity induced by active force dipoles
When a point force fv is applied to the fluid at a
point r, it induces a fluid velocity at another position
R that advects a point particle located there. As in the
previous section, we denote the position of this passive
point particle by R(t) = R0+∆R(t), and its velocity by
V(R, t) = ∆R˙(t). Using the Green’s function calculated
in Sec. II, we obtain the relation between V and fv as
Vα(R, t) =
∫ t
−∞
dt′Gαβ(R− r, t− t′)fv,β(r, t′). (25)
Consider an oscillating dimer of length a(t) and the
force magnitude fd(t) with its orientation given by the
unit vector eˆ. In this case, the induced velocity of a
passive particle at R due to the oscillating dimer is given
by [14]
Vα(R, t) ≈
∫ t
−∞
dt′
∂Gαβ(R− r, t− t′)
∂rγ
eˆβ eˆγm(t
′), (26)
where we have used the approximation a ≪ |R − r|,
and m(t) = a(t)fd(t) denotes the magnitude of the force
dipole.
We further consider a collection of such active force
dipoles, located at positions {Ri} with orientations {eˆi}.
By summing up for all the dipoles, the velocity of the
passive particle is then given by [14]
Vα(R0, t) ≈
∫ t
−∞
dt′
∫
d3r
∂Gαβ(r, t− t′)
∂rγ
×
∑
i
eˆi,γ eˆi,βmi(t
′)δ(Ri −R0 − r), (27)
where we have assumed that the displacement of the pas-
sive particle is small, and kept only the lowest order term.
7This equation describes the motion of a passive point
particle due to non-thermal active noise arising from the
collective operation of active force dipoles.
Hereafter we introduce the bilateral Fourier transform
in time for any function f(t) as
f(ω) =
∫ ∞
−∞
dt f(t)e−iωt, (28)
[cf. Eq. (5)]. Performing the bilateral Fourier transform
of Eq. (27), we obtain
Vα(R0, ω) ≈
∫
d3r
∂Gαβ [r, ω]
∂rγ
×
∑
i
eˆi,γ eˆi,βmi(ω)δ(Ri −R0 − r), (29)
where Gαβ [r, ω] = Gαβ [r, s = iω]. We shall use this
expression to calculate the velocity correlation functions
and the mean squared displacement (MSD) of the passive
particle.
B. Active auto-correlation functions
We now calculate the velocity auto-correlation function
(ACF) of a passive particle located on average at R0. If
the correlation between different force dipoles vanishes,
i.e., 〈mimj(ω)〉 = 〈m2(ω)〉δij , we get from Eq. (29)
〈VαVα′(R0, ω)〉
=
∫
d3r
∂Gαβ [r, ω]
∂rγ
∂Gα′β′ [r,−ω]
∂rγ′
×
∑
i
〈eˆi,γ eˆi,β eˆi,γ′ eˆi,β′〉〈m2i (ω)〉〈δ(Ri −R0 − r)〉
= Ωββ′γγ′〈m2(ω)〉
×
∫
d3r
∂Gαβ [r, ω]
∂rγ
∂Gα′β′ [r,−ω]
∂rγ′
c(R0 + r), (30)
where c(r) =
∑
i〈δ(Ri − r)〉 is the local concentration of
force dipoles at a point r in the fluid component. In the
above, a symbol
Ωββ′γγ′ = 〈eˆβ eˆβ′ eˆγ eˆγ′〉
=
1
15
(δββ′δγγ′ + δβγδβ′γ′ + δβγ′δβ′γ), (31)
has been defined, and we have assumed that the orienta-
tions of active force dipoles are not correlated with their
positions. In other words, we do not consider any ne-
matic ordering of force dipoles [14].
When active force dipoles are uniformly distributed
in space with a constant concentration, c(r) = c0, the
velocity ACF 〈VαVα′(ω)〉 is isotropic, i.e., 〈V 2x (ω)〉 =
〈V 2y (ω)〉 = 〈V 2z (ω)〉 and vanishes otherwise. Hence it
is enough to consider only the x-direction, and we obtain
ωτ
〈V
2 x
(ω
)〉
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FIG. 5. The active component of the power spectral density
(PSD) 〈V 2x (ω)〉 [see Eq. (32)] as a function of ωτ for δ/ℓ = 1,
10, 100. Here a single point particle is immersed in viscoelas-
tic media described by the two-fluid model, and δ is the cut-
off length corresponding to the particle size. In the plot, the
PSD is scaled by c0〈m
2(ω)〉/(2880π2η2δ) in order to make it
dimensionless. The number indicates the slope representing
the exponent of the power-law behavior.
the active PSD as
〈V 2x (ω)〉 =
c0
3
Ωββ′γγ′〈m2(ω)〉
×
∫
d3r
∂Gαβ [r, ω]
∂rγ
∂Gαβ′ [r,−ω]
∂rγ′
=
1
3 · 82 · 15π2
c0
η2ℓ
〈m2(ω)〉I(ω). (32)
Here we have introduced the scaled PSD defined by
I(ω) = 15Ωββ′γγ′
∫
d3r¯
∂gαβ [r, ω]
∂r¯γ
∂gαβ′[r,−ω]
∂r¯γ′
, (33)
together with gαβ [r, ω] = 8πηℓGαβ [r, s = iω] and r¯ =
r/ℓ. Since the above integral diverges for short length
scales, we need to introduce a small cutoff length δ. Phys-
ically, δ can be regarded as the size of the passive particle.
In Fig. 5, we numerically plot the scaled PSD, I(ω), as
a function of ωτ for different cutoff lengths δ/ℓ = 1, 10
and 100. These values correspond to the situation when
the passive particle is larger than the mesh size. For
ωτ > 2
√
3(ℓ/δ)2, the PSD increases as ∼ ω2 and sat-
urates for ωτ > 1 [see later Eq. (34)]. Note that the
asymptotic value of the scaled PSD for large ωτ is inde-
pendent of δ.
If we use Eq. (14) for the partial Green’s function Gαβ
in the large distance limit r ≫ ℓ, the scaled PSD can be
8approximately calculated as
I(ω) ≈ 48π
[
(ωτ)2
1 + (ωτ)2
(
ℓ
δ
)
− 4(ωτ)
2
[1 + (ωτ)2]2
(
ℓ
δ
)3
+
12
[1 + (ωτ)2]2
(
ℓ
δ
)5]
. (34)
The detailed derivation of this expression is given in the
Appendix B. Although not plotted, we have confirmed
that Eq. (34) perfectly reproduces the curve of δ/ℓ = 100
in Fig. 5. We should keep in mind, however, that to
regard the cutoff length δ as the particle size is only an
approximation, and hence the numerical prefactor should
not be taken as accurate when we compare with experi-
ments.
C. Uncorrelated force dipoles
In order to further calculate the active PSD, the sta-
tistical property for the time correlation of a force dipole
needs to be specified. First we assume that it is only
δ-correlated in time and is given by
〈m(t)m(t′)〉 = Sδ(t− t′), (35)
where S fixes the fluctuation amplitude. In the Fourier
representation, this simply means that 〈m2(ω)〉 = S.
Once we know the active PSD of the velocity ACF,
the corresponding MSD of a passive particle in the x-
direction can be obtained by the inverse Fourier trans-
form:
〈(∆Rx)2(t)〉 =
∫ ∞
−∞
dω
2π
2
(iω)2
〈V 2x (ω)〉eiωt. (36)
In contrast to the inverse Laplace transform in Eq. (20),
we also take into account the initial condition by includ-
ing a constant term in the above transformation. In
Fig. 6(a), we numerically plot the scaled 〈(∆Rx)2(t)〉 as
a function of t/τ for δ/ℓ = 1, 10 and 100. Here the MSD
is proportional to t both for short time scales t/τ < 1 and
for long time scales t/τ > (δ/ℓ)4/12 [see later Eq. (38)].
For the intermediate time range 1 < t/τ < (δ/ℓ)4/12,
on the other hand, the MSD is strongly suppressed due
to the elastic component of the two-fluid model, and it
remains almost constant.
If we use the asymptotic expression Eq. (14) for the
partial Green’s function as before, the PSD can be ob-
tained from Eqs. (32) and (34) as
〈V 2x (ω)〉 ≈
1
60π
c0S
η2ℓ
[
(ωτ)2
1 + (ωτ)2
(
ℓ
δ
)
− 4(ωτ)
2
[1 + (ωτ)2]2
(
ℓ
δ
)3
+
12
[1 + (ωτ)2]2
(
ℓ
δ
)5]
. (37)
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FIG. 6. The active component of the mean squared displace-
ment (MSD) 〈(∆Rx)
2(t)〉 [see Eq. (36)] as a function of t/τ
for δ/ℓ = 1, 10, 100. Here a single point particle is immersed
in viscoelastic media, and δ is the cutoff length. (a) The case
when the time correlation of the force dipole is δ-correlated
[see Eq. (35)]. (b) The case when the time correlation of the
force dipole decays exponentially with a characteristic relax-
ation time τd [see Eq. (39)], and we set here τd/τ = 100. In
these plots, 〈(∆Rx)
2(t)〉 is scaled by c0Sτ/(2880π
2η2δ) in or-
der to make it dimensionless. The numbers indicate the slope
representing the exponent of the power-law behavior.
Then, with the use of Eq. (36), the asymptotic MSD can
be analytically obtained as
〈(∆Rx)2(t)〉 ≈ 1
60π
c0Sτ
η2ℓ
[
(1− e−t/τ )
(
ℓ
δ
)
+ 2[e−t/τ (t/τ + 1)− 1]
(
ℓ
δ
)3
+6[e−t/τ (t/τ + 3) + 2t/τ − 3]
(
ℓ
δ
)5]
.
(38)
9The first term in the r.h.s. of the above equation indicates
that the normal diffusion occurs for the short time scale
t≪ τ , while it saturates in the longer times. In the long
time limit, on the other hand, we can set e−t/τ ≈ 0, and
one finds that MSD is proportional to t for t≫ (δ/ℓ)4/12
[see the third line of Eq. (38)], as mentioned above.
D. Exponentially correlated force dipoles
Next we calculate the PSD and the MSD when the
time correlation of a force dipole decays exponentially
with a characteristic relaxation time τd, i.e.,
〈m(t)m(t′)〉 = S
2τd
e−|t−t
′|/τd . (39)
In this case, we have 〈m2(ω)〉 = S/[1 + (ωτd)2] in the
Fourier representation. Some justification of the above
simple expression will be separately discussed in Sec. VI.
Mathematically, Eq. (39) reduces to Eq. (35) in the limit
of τd → 0. Then the active PSD is given by
〈V 2x (ω)〉 =
1
2880π2
c0S
η2ℓ
1
1 + (ωτd)2
I(ω), (40)
where I(ω) was defined before in Eq. (33).
In Fig. 6(b), we numerically plot the scaled
〈(∆Rx)2(t)〉 as a function of t/τ when τd/τ = 100 for
δ/ℓ = 1, 10 and 100, i.e., the distance between the two
points is larger than the mesh size. For δ/ℓ = 1, we find
that the active MSD is proportional to t2 and exhibits
a super-diffusive behavior within the time region t < τd.
For δ/ℓ = 100, such a super-diffusive behavior is observed
only up to the viscoelastic time scale t/τ < 1, and the
MSD exhibits a normal diffusive behavior for t/τ > 1.
The active MSD for δ/ℓ = 100 is further suppressed for
larger time scales. In the very long time limit, the active
MSD will be again proportional to t [38].
Using the asymptotic expression Eq. (14), the active
PSD is now given by
〈V 2x (ω)〉 ≈
1
60π
c0S
η2ℓ
1
1 + (ωτd)2
[
(ωτ)2
1 + (ωτ)2
(
ℓ
δ
)
− 4(ωτ)
2
[1 + (ωτ)2]2
(
ℓ
δ
)3
+
12
[1 + (ωτ)2]2
(
ℓ
δ
)5]
. (41)
Then the corresponding active one-point MSD can be
obtained up to the lowest order in ℓ/δ as
〈(∆Rx)2(t)〉 ≈ 1
60π
c0Sτ
η2ℓ
1
1 + τd/τ
×
[
1 +
(τd/τ)e
−t/τd
1− τd/τ −
e−t/τ
1− τd/τ
](
ℓ
δ
)
. (42)
This equation reduces to the first line of Eq. (38) in the
limit of τd → 0. By Taylor expanding the above ex-
pression for small t, one can indeed show that the linear
term in t vanishes, and the active MSD increases as ∼ t2.
The full expression of the active one-point MSD includ-
ing higher order terms is provided in the Appendix C.
The analytic expressions in Eqs. (41) and (42) are the
general and important results of this paper.
V. ACTIVE TWO-POINT CORRELATION
FUNCTIONS
A. Velocity cross-correlation functions
In this section, we consider the active velocity CCF
between the two points at R1 and R2 that are separated
by a distance d, as shown in Fig. 1 and also discussed in
Sec. III. With the use of Eq. (27), the active two-point
velocity CCF can be evaluated by
〈V1αV2α′(R1,R2, ω)〉d
=
∫
d3r
∂Gαβ [r, ω]
∂rγ
(
∂Gα′β′ [r
′,−ω]
∂r′γ′
)
r′=r−(R2−R1)
×
∑
i
〈eˆi,γ eˆi,β eˆi,γ′ eˆi,β′〉〈m2i (ω)〉〈δ(Ri −R1 − r)〉
= Ωββ′γγ′〈m2(ω)〉
×
∫
d3r
∂Gαβ [r, ω]
∂rγ
(
∂Gα′β′ [r
′,−ω]
∂r′γ′
)
r′=r−(R2−R1)
× c(R1 + r). (43)
As before, we can generally set R2−R1 = deˆx without
loss of generality. We also assume that the active force
dipoles are uniformly distributed in space with a constant
concentration, c0. Then one can further rewrite as
〈V1αV2α′(ω)〉d = 1
82 · 15π2
c0
η2ℓ
〈m2(ω)〉Iαα′(d, ω), (44)
where
Iαα′(d, ω) = 15Ωββ′γγ′
×
∫
d3r¯
∂gαβ[r, ω]
∂r¯γ
(
∂gα′β′ [r
′,−ω]
∂r¯γ′
)
r′=r−d
, (45)
with gαβ = 8πηℓGαβ as defined before.
In Fig. 7, we numerically plot the scaled active PSDs
〈V1xV2x(ω)〉d and 〈V1yV2y(ω)〉d as a function of ωτ for
different distances d/ℓ = 1.1, 10 and 100, as before. (The
reason that we chose here d/ℓ = 1.1 is that there was a
numerical stability issue exactly at d/ℓ = 1.) The PSD
increases as ∼ ω2 for the intermediate frequency range.
Within the lowest order term in Eq. (14), the asymptotic
expressions of the active PSDs can be obtained as
Ixx(d, ω) ≈ 16πℓ
d
(ωτ)2
1 + (ωτ)2
, (46)
Iyy(d, ω) = Izz(d, ω) ≈ 8πℓ
d
(ωτ)2
1 + (ωτ)2
. (47)
10
10-4 10-2 100 102
10-8
10-6
10-4
10-2
100
102
d/ℓ = 100
d/ℓ = 10
d/ℓ = 1.1〈V
1
x
V
2
x
(ω
)〉
d
ωτ
2
10-4 10-2 100 102
10-8
10-6
10-4
10-2
100
102
|〈
V
1
y
V
2
y
(ω
)〉
d
|
ωτ
2
(a)
(b)
FIG. 7. The active component of the scaled power spec-
tral density (PSD) (a) 〈V1xV2x(ω)〉d and (b) |〈V1yV2y(ω)〉d|
[see Eq. (44)] as a function of ωτ for d/ℓ = 1.1, 10, 100.
Here d is the distance between the two point particles im-
mersed in viscoelastic media. Both PSDs are scaled by
c0〈m
2(ω)〉/(960π2η2d) in order to make them dimension-
less. Since 〈V1yV2y(ω)〉d takes negative values for smaller ωτ
(shown by the dashed lines), we have plotted in (b) its abso-
lute value. The numbers indicate the slope representing the
exponent of the power-law behaviors.
B. Displacement cross-correlation functions
Performing the inverse Fourier transform of the active
two-point PSDs as before [see Eq. (36)], we obtain the
corresponding longitudinal and transverse displacement
CCFs 〈∆R1x∆R2x(t)〉d and 〈∆R1y∆R2y(t)〉d for the dis-
tances d/ℓ = 1.1, 10 and 100. In Fig. 8(a) and (b),
we plot these quantities when the time correlation of a
force dipole is δ-correlated as assumed in Eq. (35). Fig. 8
should be compared with Fig. 6(a) where we have shown
the MSD for the active one-point case. Both longitudinal
and transverse displacement CCFs are proportional to t
for short time scales t/τ < 1 and also for longer time
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FIG. 8. The active component of the two-point displacement
cross-correlation functions (CCFs) (a) 〈∆R1x∆R2x(t)〉d and
(b) |〈∆R1y∆R2y(t)〉d| as a function of t/τ for d/ℓ = 1.1, 10,
100. Here d is the distance between the two point particles
immersed in viscoelastic media, and the time correlation of
the force dipole is δ-correlated [see Eq. (35)]. Both CCFs are
scaled by c0Sτ/(960π
2η2d) in order to make them dimension-
less. Since 〈∆R1y∆R2y(t)〉d takes negative values for larger
t/τ (shown by the dashed lines), we have plotted in (b) its
absolute value. The numbers indicate the slope representing
the exponent of the power-law behaviors.
scales. For the intermediate time range, however, these
CCFs are strongly suppressed and become constant due
to the elastic component of the two-fluid model.
In Fig. 9(a) and (b), on the other hand, we consider the
case when the time correlation of a force dipole is char-
acterized by a relaxation time τd/τ = 100 [see Eq. (39)].
These figures should be compared with Fig. 6(b) because
the overall behavior is similar. For δ/ℓ = 1.1, the active
displacement CCFs are proportional to t2 when t < τd,
showing a strong super-diffusive behavior. For δ/ℓ = 100,
however, this super-diffusive behavior is observed only
within the time region smaller than the viscoelastic time
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FIG. 9. The active component of the two-point displacement
cross-correlation functions (CCFs) (a) 〈∆R1x∆R2x(t)〉d and
(b) |〈∆R1y∆R2y(t)〉d| as a function of t/τ for d/ℓ = 1.1, 10,
100. Here d is the distance between the two point particles
immersed in viscoelastic media. The time correlation of the
force dipole decays exponentially with a characteristic relax-
ation time τd [see Eq. (39)], and we set here τd/τ = 100. Both
CCFs are scaled by c0Sτ/(960π
2η2d) in order to make them
dimensionless. Since 〈∆R1y∆R2y(t)〉d takes negative values
for larger t/τ (shown by the dashed lines), we have plotted
in (b) its absolute value. The numbers indicate the slope
representing the exponent of the power-law behaviors.
scale, t/τ < 1, and the CCFs increase as ∼ t for t/τ > 1.
For much longer time scales, the active CCFs are further
suppressed because of the elasticity. In the long time
limit, the active CCFs are both proportional to t.
VI. SUMMARY AND DISCUSSION
In this paper, we have discussed anomalous diffusion
induced by active force dipoles in viscoelastic media that
is described by the standard two-fluid model for gels. We
first reviewed the two-fluid model and showed its partial
Green’s function both in the Fourier and the real spaces.
With the use of the coupling mobilities and the FDT
in thermal equilibrium, we have calculated the PSD of
the velocity CCFs and the displacement CCFs between
the two point particles both for the longitudinal and the
transverse directions. The obtained results are useful
to interpret the data obtained by two-point microrheol-
ogy experiments. The passive (thermal) two-point CCF
increases linearly with time at shorter and longer time
scales, while it is suppressed and remains almost con-
stant at intermediate time scales (see Fig. 4).
Moreover, we have calculated active (non-thermal)
one-point and two-point correlation functions due to ac-
tive force dipoles. We have used the relation between the
velocity and the dipole strength, as given by Eq. (26), and
the formulation in Ref. [14] in order to further calculate
the active PSD of the velocity CCFs. For the one-point
case, one needs to introduce a cutoff length scale, δ, in
evaluating the integrals, whereas a finite distance, d, be-
tween the two point particles plays the role of the cutoff
length in the two-point case. As for the statistical prop-
erty of force dipoles, we considered the case when their
magnitude is uncorrelated in time [see Eq. (35)] and the
case when it decays exponentially with a characteristic
time τd [see Eq. (39)].
For the active case, the important results can be sum-
marized as follows. As shown in Fig. 6(b) (one-point
case) or Fig. 9 (two-point case), we have found that the
active MSD or the displacement CCFs exhibits various
crossovers from super-diffusive to sub-diffusive behaviors
depending on the characteristic time scales (τ = η/µ and
τd) and the particle separation d (or the cutoff length
δ for the one-point case). We emphasize that the ac-
tive displacement CCF is proportional to t2 for time
scales shorter than the viscoelastic time scale, t < τ , and
it is proportional to t for the intermediate time scales,
τ < t < τd. Within the present model, the passive con-
tribution only describes sub-diffusion, whereas the ac-
tive contribution is responsible for both sub-diffusion and
super-diffusion. Our results are useful in understand-
ing active properties of the cytoplasm using force spec-
trum microscopy combined with the microrheology ex-
periment [6], as further discussed below.
In Ref. [6], Guo et al. measured the MSD of microin-
jected tracer particles in mellanoma cells. They showed
that the MSD was nearly constant at shorter time scales
(t < 0.1 s), while it exhibited a slightly super-diffusive be-
havior at longer time scales (t > 0.1 s), i.e., 〈(∆R)2〉 ∼ tβ
with β ≈ 1.2. However, when they inhibited motor and
polymerization activity by depleting cells of ATP, the
MSD was almost constant in time, i.e., β ≈ 0. Such an
ATP-dependent Brownian motion was also observed in
prokaryotic cells and yeast [4, 5]. In addition to the MSD
measurement, Guo et al. performed active microrheol-
ogy experiment [24, 25], and found that the frequency-
dependent elastic modulus follows a power-law form, i.e.,
|G(ω)| ∼ ωα with α ≈ 0.15 [6].
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For simplicity, one may assume that PSD of the active
force also obeys a power-law behavior, i.e., 〈m2(ω)〉 ∼
ω−γ with a different exponent γ. Among these three
exponents, the following scaling relation should hold [6,
28]:
β = 2α+ γ − 1. (48)
In thermal equilibrium, γ = −α+1 holds according to the
FDT and hence β = α. In this case, the anomalous dif-
fusion purely reflects the viscoelasticity of the surround-
ing media. The exponentially correlated force dipoles in
Eq. (39) leads to the active PSD in Eq. (40), and hence
γ = 2 for ωτd ≫ 1. Experimentally, the value γ ≈ 2
was observed by Lau et al. [28] and later reconfirmed by
Guo et al. [6]. When α ≈ 0.15 and γ ≈ 2, Eq. (48)
gives β ≈ 1.3 which is almost consistent with the MSD
measurement mentioned above (β ≈ 1.2). In the older
experiment [28], on the other hand, the measured expo-
nents were α ≈ 0.25, γ ≈ 2 and hence β ≈ 1.5. In both of
these experiments, they claimed that active forces dom-
inate the low-frequency regime, whereas thermal forces
dominate the high-frequency regime [6, 28].
It should be reminded, however, that different values
of γ were reported by different groups [42–44]. For ex-
ample, a combination of active and passive microrheology
measurements using PC3 tumor cells resulted in α ≈ 0.4,
β ≈ 1.3 and γ ≈ 1.5, satisfying also the scaling relation
Eq. (48). They argued that such a difference can arise
because active and passive measurements were done in
Ref. [28] with different probes and at very different loca-
tions in the cell. In Refs. [42–44], they performed dual
passive-active measurements with a unique probe. Given
these situations, we consider that the power-law behavior
of the force fluctuations and its exponent require further
experimental and theoretical investigations.
We also point out that Eq. (48) cannot be always true
because the exponents can take values only 0 ≤ β ≤ 2
and 0 ≤ α ≤ 1. Hence, if γ = 2 holds, one should
always observe a super-diffusive behavior because β =
2α+ 1 ≥ 1. However, sub-diffusive behaviors (β < 1) in
cells have been observed in many cases [45–47]. More-
over, the above relation also restricts the value of α to
0 < α ≤ 0.5 because β < 2, which is not always the
case [19, 20].
In our work, we have assumed that the time correla-
tion of a force dipole is an exponentially decaying func-
tion with a characteristic time τd, as given in Eq. (39).
Hence its Fourier transform has a Lorentzian form, and
decays as ω−2 for ωτd ≫ 1. A similar Lorentzian form of
force fluctuations was discussed by Levine and MacKin-
tosh [12, 13]. While some of the experiments which re-
ported the exponent γ = 2 [6, 28] justify our assumption,
different values of γ found in the other experiments [42–
44] indicate that the dipole correlation cannot be a simple
exponentially decaying function. Hence a more detailed
investigation for the statistical property of a fluctuating
force dipole is required. Currently, we are analyzing the
stochastic properties of a simple model of a catalytically
active bidomain protein [14]. In this model, the two pro-
tein domains are represented by beads connected by an
elastic spring, and the two internal states, namely, free
protein and ligand-protein complex, are assumed.
Although our theory is general and can be applied not
only for cells but also for other macroscopic systems,
it is useful to give some typical parameter values cor-
responding to a cell. Since the characteristic length scale
ℓ = (η/Γ)1/2 roughly corresponds to the mesh size of a
polymer gel, it is roughly given by ℓ ∼ 10−7 m for a
typical cell. Hence the distance between the two point
particles such as d/ℓ = 100 means d ∼ 10−5 m. Accord-
ing to Ref. [6], we also have η ∼ 10−3 Pa·s and µ ∼ 1 Pa
so that the viscoelastic time scale can be estimated as
τ = η/µ ∼ 10−3 s. This means that the dipole time
scale τd/τ = 100 used in Figs. 6(b) and 9 corresponds to
τd ∼ 10−1 s. Although this time scale is somewhat larger
than the cycle time of a single protein machine [14], it
still gives a good estimate to characterize the collective
dynamics of a protein complex.
Recently, Fodor et al. [48] have made an attempt to
theoretically reproduce the MSD data measured in the
cytoplasm of living A7 [6]. They used one-dimensional
Langevin equation in the presence of a random active
force to calculate both the thermal and non-thermal
MSD. Their theory has a similarity to the present work
because they also introduce two time scales which are
analogous to τ = η/µ and τd in our theory. An important
new aspect in the present paper is that the internal struc-
ture of the viscoelastic medium is properly taken into
account. Both thermal and non-thermal MSDs exhibit
complicated time sequences depending on the length-
scale of the observation relative to the mesh size ℓ. In
Ref. [48], the size of tracer particles was assumed to be
always larger than the mesh size of the cytoskeletal net-
work.
In our separate work, we have considered the two-fluid
model where active macromolecules, described as force
dipoles, cyclically operate both in the elastic and the fluid
components [38]. Through coarse-graining, we have de-
rived effective equations of motions for tracer particles
displaying local deformations and local fluid flows. The
equation for deformation tracers coincides with the phe-
nomenological model by Fodor et al. [48] (see also the
related publication [49]). Our analysis reveals that local-
ization and diffusion phenomena are generally involved.
The motion of tracers immobilized within the elastic sub-
system is localized in the long-time limit, but it can show
a diffusion-like behavior at the intermediate time scales
shorter than the cooperative correlation times of molec-
ular motor aggregates operating in the active gels [38].
Recently, Bruinsma et al. [50] investigated a large scale
correlated motion of chromatin inside the nuclei of living
cells by using another “two-fluid model” for polymer so-
lutions [51] (but not for gels). They derived the response
functions that connect the chromatin density and veloc-
ity correlation function to the correlation functions of the
active sources that are either scalar or vector quantities.
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One of the differences in their theory is that the form
of the complex viscoelastic moduli needs to be specified
in order to compare with experiments, whereas the vis-
coelasticity naturally arises from the present two-fluid
model. It is interesting to note that their active PSD
also contains Lorentzian type frequency dependence as
we have obtained such as in Eq. (40). It would be inter-
esting to calculate the active MSD based on this different
two-fluid model.
Finally, we mention that anomalous diffusion observed
in colloidal gels has been also explained in terms of
force dipoles due to structural inhomogeneities [52, 53].
Assuming that such inhomogeneities are randomly dis-
tributed, it was shown that the relaxation time of the
dynamic structure factor is inversely proportional to the
wavenumber. In Ref. [54], the MSD exhibits diffusive
motion at short times and super-diffusive motion at long
times.
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Appendix A: Partial Green’s function
In this appendix, we show the derivation of Eqs. (7)
and (9) [34–37]. By using the Fourier transform in space
and the Laplace transform in time, Eqs. (1), (2) and (4)
can be represented in the steady state as
0 =− µq2u[q, s]− (µ+ λ)q(q · u[q, s])
− Γ (su[q, s]− v[q, s]) , (A1)
0 =− ηq2v[q, s] − iqp[q, s]
− Γ (v[q, s]− su[q, s]) + fv[q, s], (A2)
q · v[q, s] = 0. (A3)
Taking the inner products of both Eqs. (A1) and (A2)
with q, and using Eq. (A3), we obtain
p[q, s] = − iq · fv[q, s]
q2
. (A4)
From Eq. (A1), we can solve for u as
uα[q, s] =
(
Γ
µq2 + sΓ
δαβ
− Γ(µ+ λ)q
2
(µq2 + sΓ)(2µq2 + λq2 + sΓ)
qˆαqˆβ
)
vβ [q, s].
(A5)
Substituting Eqs. (A4) and (A5) into Eq. (A2), we obtain
the following equation
(
q2[ηµq2 + (sη + µ)Γ]
µq2 + sΓ
δαβ
− sΓ
2(µ+ λ)q2
(µq2 + sΓ)(2µq2 + λq2 + sΓ)
qˆαqˆβ
)
vβ [q, s]
=(δαβ − qˆαqˆβ)fv,β[q, s]. (A6)
Then we can solve for v as
vα[q, s] =
µq2 + sΓ
q2[ηµq2 + (sη + µ)Γ]
(δαβ − qˆαqˆβ)fv,β [q, s].
(A7)
In terms of ηb and ξ defined in Eq. (8), we finally obtain
Eq. (7).
Next, we derive the real space representation of the
partial Green’s function [41]. We first assume that it has
the form of
Gαβ [r, s] = C1δαβ + C2rˆαrˆβ , (A8)
so that
Gαα[q, s] = 3C1 + C2, (A9)
Gαβ [q, s]rˆαrˆβ = C1 + C2. (A10)
Hence we have
3C1 + C2 = 2
∫
d3q
(2π)3
1 + (ηb/η)ξ
2q2
ηbq2(1 + ξ2q2)
eiq·r,
=
1
2πηr
[
1 +
1− ηb/η
ηb/η
(1− e−r/ξ)
]
, (A11)
C1 + C2 =
∫
d3q
(2π)3
1 + (ηb/η)ξ
2q2
ηbq2(1 + ξ2q2)
[
1− (qˆ · rˆ)2] eiq·r
=
1
4πηr
[
1 +
1− ηb/η
ηb/η
(
1− 2(ξ/r)2
+ 2e−r/ξ
[
(ξ/r) + (ξ/r)2
])]
. (A12)
Solving for C1 and C2, we finally arrive at Eq. (9) with
Eqs. (10) and (11).
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Appendix B: Derivation of Eq. (34)
In this appendix, we show the derivation of Eq. (34).
Here we use the dimensionless form of the Green’s func-
tion gαβ = 8πηℓGαβ , and consider its asymptotic expres-
sion [see Eq. (14)]
gαβ [r, ω] =
iωτℓ
r(1 + iωτ)
(δαβ + rˆαrˆβ)
− 2ℓ
3
r3(1 + iωτ)2
(δαβ − 3rˆαrˆβ)
≡ Aαβ(r, ω)−Bαβ(r, ω), (B1)
where we have defined the functions Aαβ and Bαβ in the
last equation. The spatial derivatives of these functions
with respect to r¯ = r/ℓ are
∂
∂r¯γ
Aαβ(r, ω) =
iωτ
1 + iωτ
×
(
r¯αδβγ + r¯βδαγ − r¯γδαβ
r¯3
− 3 r¯αr¯β r¯γ
r¯5
)
, (B2)
∂
∂r¯γ
Bαβ(r, ω) =
2
(1 + iωτ)2
×
(
−3 r¯αδβγ + r¯βδαγ + r¯γδαβ
r¯5
+ 15
r¯αr¯β r¯γ
r¯7
)
. (B3)
Using these results, we can further calculate the fol-
lowing quantities
15Ωββ′γγ′
∂
∂r¯γ
Aαβ(r, ω)
∂
∂r¯γ′
Aαβ′(r,−ω)
= 12
(ωτ)2
1 + (ωτ)2
r¯−4, (B4)
15Ωββ′γγ′
∂
∂r¯γ
Aαβ(r, ω)
∂
∂r¯γ′
Bαβ′(r,−ω)
= −72 iωτ − (ωτ)
2
[1 + (ωτ)2]2
r¯−6, (B5)
15Ωββ′γγ′
∂
∂r¯γ
Bαβ(r, ω)
∂
∂r¯γ′
Aαβ′(r,−ω)
= −72−iωτ − (ωτ)
2
[1 + (ωτ)2]2
r¯−6, (B6)
15Ωββ′γγ′
∂
∂r¯γ
Bαβ(r, ω)
∂
∂r¯γ′
Bαβ′(r,−ω)
=
720
[1 + (ωτ)2]2
r¯−8. (B7)
Hence the dimensionless PSD in Eq. (33) can be obtained
as
I(ω) = 15Ωββ′γγ′
∫
d3r¯
∂gαβ[r, ω]
∂r¯γ
∂gαβ′ [r,−ω]
∂r¯γ′
= 4π
∫ ∞
δ/ℓ
dr¯ r¯2
(
12
(ωτ)2
1 + (ωτ)2
r¯−4
−144 (ωτ)
2
[1 + (ωτ)2]2
r¯−6 +
720
[1 + (ωτ)2]2
r¯−8
)
= 48π
[
(ωτ)2
1 + (ωτ)2
(
ℓ
δ
)
− 4 (ωτ)
2
[1 + (ωτ)2]2
(
ℓ
δ
)3
+
12
[1 + (ωτ)2]2
(
ℓ
δ
)5]
. (B8)
Hence we finally obtain Eq. (34).
Appendix C: Full expression of Eq. (42)
The full expression of Eq. (42) including higher order
terms in ℓ/δ is given as follows
〈(∆Rx)2(t)〉 ≈ 1
60π
c0Sτ
η2ℓ
[(
1
1 + τd/τ
+
(τd/τ)e
−t/τd
1− (τd/τ)2 −
e−t/τ
1− (τd/τ)2
)(
ℓ
δ
)
+
([−2(t/τ)(τd/τ)2 + 2t/τ − 6(τd/τ)2 + 2] e−t/τ
[1− (τd/τ)2]2
+
4(τd/τ)
3e−t/τd
[1− (τd/τ)2]2
− 2(2τd/τ + 1)
[1 + τd/τ ]2
)(
ℓ
δ
)3
+
(
6
[−(t/τ)(τd/τ)2 + t/τ − 5(τd/τ)2 + 3] e−t/τ
[1− (τd/τ)2]2
+
12(τd/τ)
5e−t/τd
[1− (τd/τ)2]2
− 6[2(τd/τ)
3 + 4(τd/τ)
2 + 6τd/τ + 3]
[1 + τd/τ ]2
+
12t
τ
)(
ℓ
δ
)5]
. (C1)
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